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Semi-symmetry properties of the tangent bundle with a
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Abstract. In this note, we consider the tangent bundle T'M equipped with a pseudo-
Riemannian metric g over a Riemannian manifold (M, g). We investigate semi-symmetry
properties of the tangent bundle 7'M with respect to the Levi-Civita connection V and
a metric connecton V with torsion.
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1. Introduction

A Riemannian manifold (M, g) is said to be locally symmetric if the Riemannian
curvature tensor R is parallel with respect to the Levi-Civita connection V, i.e.,
VR = 0. A natural generalization of the notion of local symmetry is semi-
symmetry. A semi-symmetric space is a (pseudo-) Riemannian manifold (M, g)
such that its curvature tensor R satisfies the condition

R(X,Y)-R=0

for all vector fields X and Y on M, where R(X,Y) is a linear operator acting as
a derivation on the curvature tensor R. This class of spaces was first studied by
E. Cartan. Nevertheless, N. S. Sinjukov first used the name ”semi-symmetric
spaces” for manifolds satisfying the above curvature condition [5]. Later, Z.
1. Szabo gave the full local and global classification of semi-symmetric spaces
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[6, 7]. A (pseudo-)Riemannian manifold (M, g) is called Ricci semi-symmetric
if the following condition is satisfied:

R(X,Y) - Ric =0,

where Ric is the Ricci tensor of (M,g). It is clear that any semi-symmetric
manifold is Ricci semi-symmetric.

In this paper, we consider the tangent bundle T'M with a pseudo-Riemannian
metric g. Semi-symmetry and Ricci semi-symmetry are investigated first for the
Levi-Civita connection then for a metric connection with a non-zero torsion
tensor which is in a special form.

2. Preliminaries

Let M be an n-dimensional Riemannian manifold with a Riemannian metric
g and denote by 7 : TMarrowM its tangent bundle with fibres the tangent
spaces to M. Then T'M is a 2n—dimensional smooth manifold and some local
charts induced naturally from local charts on M may be used. Namely a system
of local coordinates (U, x%) in M induces on TM a system of local coordinates
(r=Y(U), 2", 2" = %), i = n+i=n+1,..2n, where (y°) is the cartesian
coordinates in each tangent space T,M at p € M with respect to the natural
base { %M,.}, p being an arbitrary point in U whose coordinates are (z?).

Let X = X* a?ci be the local expression in U of a vector field X on M. Then
the vertical lift ¥ X and the horizontal lift X of X are given, with respect to
the induced coordinates, by

(2.1) VX = X'o;,

(2.2) HX = X'9; — y*T% X 0,

where 0; = %, 0; = 821. and Fik are the coefficients of the Levi-Civita connec-
tion V of g [9].

In each coordinate neighborhood U of M, we put X = X; = % in (2.1) and
(2.2), we get in each induced coordinate neighborhood 71 (U) of TM a frame
field which consists of the following 2n linearly independent vector fields: [9]

j
By = V(X;) = 05

{Ej = H(X;) = 9; — y°TL 0y,
J

We will mark the adapted frame as {Eg} = {Ej, E5}. The Lie brackets of the
adapted frame are as follows: [9]

[Ei, Ej] = y*R; [\ Ey;,

(2.3) E;, B;| =T}, Ex,
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where R),;; ® denote components of the curvature tensor field R of g.

3. Semi-symmetry properties of the tangent bundle with respect to
the Levi-Civita connection V

Let (M, g) be a Riemannian manifold. A pseudo-Riemannian metric g on the
tangent bundle TM over (M, g) is defined by

gIXHMY) =a(X,Y) +a(Y, X),
§(VX7H Y) = g(HX7V Y) = g(X7 Y)a
g"xVy)=0

for all vector fields X and Y on M, where a is a (0,2)—tensor field on M [4].
The pseudo-Riemannian metric g is expressed in the adapted local frame by

~_ o~ _ [ aijtaj g

g—(sm)—( g 0>,
where g;; and a;; respectively are the local components of g and a. If the
(0,2)—tensor field a is symmetric, then the metric g becomes the metric known
as synectic lift metric in the literature. The synectic lift metric was firstly
considered in [8] and then studied by some authors [1, 2].

For the Levi-Civita connection V of the pseudo-Riemannian metric g, we

have:

Proposition 1. The Levi-Civita connection \Y of (TM,q) is given by
Ve E; =ThEy + {y*R,J + g™ (Viem; + Vicim — Vincij) Y Er,
Vi B; =T} Ey,
Ve Ej =0, Vg E: =0,

S

with respect to the adapted frame {Eg}, where F?j and thi respectively denote
components of the Levi-Civita connection V and the curvature tensor field R of
g on M and c;j denotes the symmetric part of ai;, i.e., ¢;j = %(aij + aj;) (see

[4))-

Proof. The Koszul formula for a connection V is given by

for all vector fields X , Y andNZ on T'M. Using the Koszul formula for pairs X =
E;, E; and Y = Ej, Ez and Z = Ej, Ey;, the formulas (2.3) and the first Bianchi

identity for R, we obtain the Christoffel symbols of the Levi-Civita connection
V of (T'M,g). We omit standart calculations. O
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For the Riemannian curvature tensor R of the pseudo-Riemannian metric g,
we have:

Proposition 2. The Riemannian curvature tensor R of (TM,gq) is given as
follows:

ﬁ(Eiv Ej)Ek = Rz‘jkhEh + {ys(vistkh - ijsikh)
+d™(Vi(Vicim — Vimcr) — Vi (Vicim — Vincix)
—Ryjpicik — Ryl eni) } By,

R(E;, Ej))E; = R,,"Ep,
R(E;,E5)E, = Ry,"Er,
R(E;, Ej)Bx = Ry"By,
R(E;, B5)E;, = 0, R(E;, E;)E; =0,
R(E;,E5)E; = 0, R(E; E;)E, =0

with respect to the adapted frame {Eg} (see also [4]).

A semi-Riemannian manifold (M,g), n = dim(M) > 3, is said to be semi-
symmetric [6] if its curvature tensor R satisfies the condition

(R(X,Y) - R)(Z, W)U)ijk:lmn = ViVjRy" = ViViBy,,"
== Rijanklmp — R pR - lel kapm R Rklp = O

ijk ijm

and Ricci semi-symmetric if its Ricci tensor satisfies the condition

((R(X,Y) - Ric)(Z,W))ijrs = ViV;Ri — V; ViR = R, ;" Ry + R;;y "Ry = 0.

Note that a locally symmetric manifold is obviously semi-symmetric, but in
general the converse is not true.

Theorem 1. Let T M be the tangent bundle with a pseudo-Riemannian metric

g over a Riemannian manifold (M,g). We assume that ViRSjkh — VjRSikh =0
and Vi(Vicjm —Vmcik) = Vi(Vicim— Vimciy) — Rijmfclk — Rijklcml =0, where R
is the curvature tensor of the Levi-Civita connection V of g. Then the tangent
bundle (T M, q) is semi-symmetric if and only if the Riemannian manifold (M, g)

18 semi-symmetric.

Proof. We consider the conditions (R(X,Y) - R)(Z,W)U = 0 for all vec-

tor fields X,Y,Z,W and U on TM. In the adapted frame {E3}, the tensor

(R(X,Y)R)(Z,W)U is locally expressed as follows:

(3.1) ((172()? Y)-R)(Z,W)U)
= R

€
afvlo

oz,BT 790 Roaﬂ'yR - Raﬁg 77(? - Ra,@;— 79:‘
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Putting a = i,8 = 4,7 =k,0 =l,0 =M, e = h in (3.1), it follows that

(3.2) (R(X,Y) R)(Z, W)U ) "
= R thlm +R, thklm — R Ry ka Rplm
szszkpm - éijl ka’pT?; - Ezgm Rklp Rz]m Rk:lp
= Ry "Ryt — R Ry — Rijy "R’ — Rijo ¥ Ry, "
= ((R(X,Y) R)(Z,W)U)j00m

Putting a =i,8=j,y=k,0 =1,0 =m,c =n in (3.1), we get

_ p hp p D pp h_p Pp R
- R'jp Rmf + Rzyp RHm RijE Rpim RijE Rﬁm
2 D P D D D D
7Riﬂ REpm o Rz]l REpm o RZ]m Rklp RUm Rklp
= 0.
Putting o = i,3 = j,7 = k,0 =l,0 = m,e = h in (3.1), we obtain
(34) (R(X,Y) - R)(Z, W)U )i "
= Rz]thkl P+ szthklmp - RzgkpR RijkpRﬂmh
_Rijlkapm _Rijlkaﬁm Rz]mRklp _lemRklp :

Let us assume that

(85) Ry = ¢ (ViBy" = ViR g™ (Vi(Vicjm — Vinesi)
—V;i(Vicim — Vimeir) — Rz‘jniclk - Rijk.lcml)
= 0.

On differentiating the above equation with respect to d;, we obtain
(3.6) ViRy" = ViR = 0.
In the case, (3.5) reduces the following form
(3.7 Vi(Vitim — Vimcjk) — Vi (ViCim — Vinci) — Rijohc — Rijpl eny = 0.

The other coefficients of (R(X,Y) - R)(Z, W)U reduce to one of (3.2) and
(3.3). Hence the proof follows from (3.2)-(3.7). O

Let Eag = ISLU op ° denote the components of Ricci tensor of (T'M, g). From
the Proposition 2, we have only one non-zero com@enﬁ, Ee., R;; = 2R;; and
other components are zero. The tensor (R(X,Y) - Ric)(Z, W) has components

(R(X.Y) - Ric)(Z.W))apyo = RagBeo + Rogi e
with respect to the adapted frame {Eg}. The following corollary is a direct
consequence of Theorem 1.
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Corollary 1. Let TM be the tangent bundle with a pseudo-Riemannian metric
g over a Riemannian manifold (M,qg). Then the tangent bundle (T'M,g) is
Ricci semi-symmetric if and only if the Riemannian manifold (M,g) is Ricci
semi-symmetric.

4. Semi-symmetry properties of the tangent bundle with respect to
the metric connection V with torsion

H. A. Hayden introduced the idea of metric connection with torsion on a Rie-
mannian manifold [3]. A linear connection V on a Riemannian manifold (M, g)
is called a metric connection with repect to g if Vg = 0 and its torsion tensor
is non-zero. In this section we consider a metric connection on (7'M, g) with a
non-zero_ torsion tensor.

Let V be a metric connectlon on TM and its torsion tensor 7 have only one

non-zero component ie., T = yst . and other components are zero. The

torsion tensor 7 is very spemﬁc, which is actually related to the Lie bracket
of [E;, Ej] (see the formulas (2.3)). On following the method shown in ([9],
p.151-152), we get:

Proposition 3. The metric connection v of (TM,q) is given by
ﬁEiE =TIh SER + 9™ (Vicmj + VjCim — Vmcij) Er,
V. _ h
YEiEj = Fijlzha
VEgEj=0, Vi E;=0,
with respect to the adapted frame {Eg}, where F?j denote components of the

Levi-Clivita connection V of g on M and c;; denotes the symmetric part of a;j;,
ie., cij = 3(aij +aj;) (see also [1]).

For the curvature tensor R of the metric connection @, we have:
Proposition 4. The curvature tensor R of the metric connection vV is given by
R(Ei,E;)E;, = Ryp"En+ g™ (Vi(Vicim — Vimcjn)
—V;(ViCim — Vm€ik) — Rijmici — Riji. emi) Y B,
R(E;, Ej)E; = Ry,"Er, R(E;,E5)E, =0, R(E;, E;)E =0,
R(E;, B5)E, = 0,R(E;, Ej)E; =0, R(E;, E;) k_o
R(E;, B)E; = 0

with respect to the adapted frame {Eg}, where Rijk hdenote components of the
curvature tensor field R of g on M.

Theorem 2. Let T M be the tangent bundle with a pseudo-Riemannian metric
g over a Riemannian manifold (M,g) and V be the metric connection with
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torsion of (T'M,g). We assume that V;(Vi¢jm—Vmcit) —Vi(ViCim —Vmcir) —
Rijmlclk — Rijklcml = 0, where R is the curvature tensor of the Levi-Clivita
connection V of g. Then the tangent bundle (TM,q) is semi-symmetric with
respect to the metric connection v if and only if the Riemannian manifold (M, g)
18 semi-symmetric.

Proof. We calculate

(4.1) (R(X,Y) - R)(Z,W)U) opyo0"
- Raﬁf— 7907'- - Raﬁjy- RT@; - Raﬁg 'yﬂf - Raﬁg 797_5

for all cases a = (i,4), 8 = (4,7),7 = (k, k), 0 = (I,1), 0 = (m,m) and ¢ = (h, h).
Thecasesazz,ﬁzj,q/:k,ﬁzl,a:m,azhanda:i,ﬁzj,fy:k,
0 =1, 0=m,e=hin (4.1), we respectively get

(R(X,Y) - R)(Z, W)U ) gjaim "
= ﬁijph }Azklmp + ﬁiﬁah ﬁklmﬁ - éijkp Rplmh - /Rijkﬁ ﬁﬁlmh
_Ez]lp ﬁkpmh o Eijlﬁ Ek:f)mh - Eijn’? ﬁklp h— éijmp éklﬁ h
= Ry Ry = Ry Ry — Ryt Ripm' — Rijon Ry ™
= ((R(X,Y) - R)(Z, W)U

and similarly

(R(X,Y) - BR)(Z, W)U) g " = (ROX,Y) - RYZ, W)U ) g

The case a =4, 3=7,v=k,0 =1, 0 =m, ¢ = h in (4.1), we obtain

For the other cases, (R(X,Y) - R)(Z, W)(} =0. If ﬁijpﬁ =0, i.e., Vi(Vicjm —
vajk)_vj(vkcim_vmcik)_RijnflLClk_Rijklcml = 0, then (E(X, }7)}?)(2, W)ﬁ
=0 if and only if (R(X,Y’) - R)(Z, W)U = 0. This complets the proof. O

~

On computing the contracted curvature tensor (Ricci tensor) R.g, the only

non-zero component is as follows: ﬁij = R;; (see also [1]). As a consequence of
the Theorem 3, we obtain:
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Corollary 2. Let T M be the tangent bundle with a pseudo-Riemannian metric g
over a Riemannian manifold (M, g) and ¥V be the metric connection of (TM,q).
Then the tangent bundle (TM,q) is Ricci semi-symmetric with respect to the
metric connection V if and only if the Riemannian manifold (M,g) is Ricci
semi-symmetric.
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